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Abstract: In this contribution, quantum Fisher information is utilized to estimate
the parameters of a central qubit interacting with a single- spin qubit. The effect of the
longitudinal, transverse and the rotating strengths of the magnetic field on the estimation
degree is discussed. It is shown that, in the resonance case, the number of peaks and
consequently the size of the estimation regions increase as the rotating magnetic field
strength increases. The precision estimation of the central qubit parameters depends
on the initial state settings of the central and the spin- qubit, either encode classical or
quantum information. It is displayed that, the upper bounds of the estimation degree
are large if the two qubits encode classical information. In the non-resonance case, the
estimation degree depends on which of the longitudinal/transverse strength is larger. The
coupling constant between the central qubit and the spin- qubit has a different effect on
the estimation degree of the weight and the phase parameters, where the possibility of
estimating the weight parameter decreases as the coupling constant increases, while it
increases for the phase parameter.
For large number of spin-particles, namely, we have a spin-bath particles, the upper
bounds of the Fisher information with respect to the weight parameter of the central qubit
decreases as the number of the spin particle increases. As the interaction time increases,
the upper bounds appear at different initial values of the weight parameter.
1 Introduction
Fisher information plays an important role in the context of quantum metrology [1] and
quantum information processing [2, 3, 4, 5, 6]. Quantum Fisher information (QIF) quan-
tifies the information that can be elicited about a parameter. In other words, QFI is
used as an estimation tool of parameters that contained in the quantum system during
its evolution [7]. Due to its importance , there are some efforts that has been done to
quantify QFI in different quantum systems.
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Recently, quantifying quantum Fisher information in open quantum systems has paid
attentions by some authors. For example, Zheng et. al [8] investigated the dynamics of
QFI for a two-qubit system, where each qubit interacts with its own Markovian environ-
ment. Ozaydin [9] has quantified the QFI analytically for the W- state in the presence
of different noisy channels. The effect of the Markovian reservoirs on the dynamics of
the quantum Fisher information of a two-level system is discussed by G.-You et.al [10].
Quantum Fisher information for a noisy open quantum system and initially prepared in
a steady state is quantified by Altinats [11].
The central-spin system represents one of the most important models of decoherence[12].
Rao [13] discussed the dynamics of one and two-qubit systems interacting with a spin-
qubit. The coherent and the non-coherent properties of a single and a maximum entan-
gled two-qubit systems interact with a spin- qubit are discussed by Metwally et. al [14].
The dynamics of quantum Fisher information for a spin-boson model is investigated by
Hao et. al [15]. The dynamics of the quantum Fisher information for a qubit system and
initially prepared in a coherent spin-squeezing state is investigated by Zhong et. al. [16].
In the present work, we quantify the quantum Fisher information of a single central
qubit interacting with a single spin-qubit in the presence of a magnetic field. The QFI
is utilized to estimate the weight and the phase parameters which describe the initial
state of the central qubit. The paper is organized as follows. In Sec.2, we introduce the
suggested model, where an analytical solution in terms of the Bloch vector is given. A brief
description of quantum Fisher information is given in Sec.3. The effect of longitudinal and
transverse strengths of the magnetic field on the estimation degree of the weight parameter
is given in Sec.3. In Sec.4, the behavior of the quantum Fisher information with respect
to the phase parameter is described. In Sec. 5, we investigate the behavior of the Fisher
information with respect to the weight parameter for large numbers of spin-bath particles.
Finally, we draw our conclusion in Sec.5.
2 Presentation of the model
The Hamiltonian operator which describes the interaction of a central single 2-level qubit
with upper and ground states |±〉 with a single- spin 1
2
particle is given by [13],
Hˆ = ~ω0σˆz + ~ω1(Sˆ+e
−iωt + Sˆ−e
iωt) + Sˆzg, (1)
2
where the spin operators Sˆ±,z satisfy
[
Sˆz, Sˆ±
]
= ±Sˆ±,
[
Sˆ+, Sˆ−
]
= 2Sˆz. The parameters
ω0 and ω, represent the longitudinal and the transverse components of the magnetic field,
respectively, ω1 is the rotating magnetic field strength and g is the coupling constant
between the spin-qubit and the central qubit. In this treatment, it is assumed that, the
initial state of the system is described by the product state ρs(0) = ρq(0)⊗ ρb(0), where
ρq(0) = |ψq〉〈ψq| and ρb(0) = |χb〉〈χb| represent the states of the central qubit and the
spin-qubit, respectively. In the computational basis {|0〉, |1〉}, the states |ψq〉 and |χb〉
may be written as,
|ψq(0)〉 = cos θ1|0〉+ sin θ1e
−iφ1|1〉,
|χb(0)〉 = cos θ2|0〉+ sin θ2e
−iφ2|1〉, (2)
where (θ1, φ1) and (θ2, φ2) are the weight and the phase angles of the central and the spin-
qubits, respectively. The Bloch vectors of these initial states are given by,
sxi(0) = sin θi cos φi, syi(0) = sin θi sinφi, szi(0) = cos θi, i = 1, 2. (3)
At any t > 0, the final state of the total system is given by,
|ψqb(t)〉 = µ(t)|ψqb(0)〉, µ(t) = e
−iHˆt. (4)
In the computational basis set, {00, 01, 10 11}, the unitary operator µ(t) may be described
by the following 4× 4 matrix,
µ(t) =


µ11 0 µ13 0
0 µ22 0 µ24
µ31 0 µ33 0
0 µ42 0 µ44


, (5)
where
µ11 =
2iω1
γ2
eiωt/2 sin γ2t, µ13 = e
−iωt/2(cos γ2t− 2i
∆−
γ2
sin γ1t),
µ22 = e
−iωt/2(cos γ1t−
2i∆+
γ1
sin γ1t), µ24 =
2iω1
γ1
e−iωt/2 sin γ1t,
µ31 =
2iω1
γ2
eiωt/2 sin γ2t, µ33 = e
iωt/2(cos γ2t + 2i
∆−
γ2
sin γ1t)
3
µ42 =
2iω1
γ1
eiωt/2 sin γ1t, µ44 = e
iωt/2(cos γ1t +
2i∆+
γ1
sin γ1t), (6)
and ∆± = ∆ ±
g
2
, γ1 =
√
ω21 +∆
2
+, γ2 =
√
ω21 +∆
2
− and ∆ = ω − ω0 is the detuning
parameter.
By using Eqs.(2-6), the state (4) may be written as,
|ψqb(t)〉 = B1|00〉+ B2|01〉+ B3|10〉+ B4|11〉, (7)
where,
B1 = µ11c1c2 + µ13s1c2e
−iφ1 , B2 = µ22c1s2e
−iφ2 + µ24s1s2e
−iφ12
B3 = µ31c1c2 + µ33s1c2e
−iφ1 , B4 = µ42c1s2e
−iφ2 + µ44s1s2e
−iφ12 , (8)
and ci = cos θi, si = sin θi, i = 1, 2 and φ12 = φ1 + φ2. Since we are interested in
investigating the dynamics of the Fisher information with respect to the central qubit, we
trace out the state of the spin- qubit, where ρq(t) = trb{ρs(t)} and ρq(t) = |ψqb(t)〉〈ψqb(t)|.
In the Bloch vector representation, the state ρq(t) can be written as,
ρq(t) =
1
2
(1 + sxq(t)σx + syqσy(t) + szq(t)σz), (9)
where
sxq(t) = B1B
∗
3 + B3B
∗
1 + B2B
∗
4 + B4B
∗
2,
syq(t) = i(B3B
∗
1 + B2B
∗
4 − B1B
∗
3 − B4B
∗
2),
szq(t) = |B1|
2 + |B2|
2 − |B3|
2 − |B4|
2, (10)
where Bi, i = 1...4 are given by (8).
3 Quantum Fisher Information
In the following subsection, we review the mathematical form of the quantum Fisher
information for a single qubit in the Bloch vector representations. Moreover, we quantify
numerically the QFI corresponding to the weight and the phase parameters of the central
qubit.
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3.1 Mathematical form
The density operator of a single qubit is given by,
ρ =
1
2
(I +
3∑
i
siσi), (11)
where I is a unit matrix of size 2×2,
→
s = (s1, s2, s3) is the Bloch vector and σi, i = x, y, z
are the Pauli matrices. In terms of the Bloch vector, the QFI with respect to a parameter
η is defined as [17, 18],
Fη =


1
1−|→s (η)|2
[
→
s(η) · ∂
→
s (η)
∂η
]
+
(
∂
→
s (η)
∂η
)2
, for mixed state, |
→
s(η)| < 1,
∣∣∣∂→s (η)∂η
∣∣∣
2
, for pure state, |
→
s(η)| = 1,
(12)
where η is the parameter to be estimated. In the following subsections, we shall estimate
the weight and the phase parameters of the central qubit, where it is assumed that the spin
qubit is polarized in z− direction, namely, ρb =
1
2
(1 + σz). For this aim, we calculate the
quantum Fisher information, Fη corresponding to the weight and the phase parameters,
i.e., η = θ1, φ1.
3.2 Numerical results
We assume that, the phase angle φ1 = pi, namely, the initial state of the central qubit is
prepared in the state |ψq〉 = cos θ1|0〉 − sin θ1|1〉, while the spin-qubit is prepared in the
state |χ(0)〉 = −|0〉, namely θ2 = pi and the phase φ2 is arbitrary.
Fig.(1) describes the dynamics of the quantum Fisher information (Fθ1) with respect
to the weight parameter (θ1). The effect of the rotating magnetic field strength (ω1) on
the quantum Fisher information Fθ1 is investigated in the resonance case ( ∆ = 0) and
for a fixed value of the coupling constant between the central and spin qubits (g = 0.5).
The general behavior shows that, the maximum values of Fisher information depend on
the initial weight angle (θ1) and the interaction time. As it is displayed in Figs.(1a)
and (1b), the Fisher information Fθ1 increases gradually to reach its maximum value at
t = 0.7. For further values of the interaction time, Fθ1 decreases gradually. The effect
of the initial weight settings shows that, Fisher information decreases gradually to its
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minimum value at θ1 = pi/2, namely the initial state of the central qubit is papered in
the state |ψq(0)〉 = |1〉. However, the behavior changes for θ1 ∈ [pi/2, pi], where the Fisher
information increases to reach its maximum bounds at θ1 = pi.
The effect of larger values of the rotating magnetic field strength ω1 is depicted in
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Figure 1: Fisher information for resonance case, namely, ∆ = ω − ω0 = 0, where g = 0.5,
φ = pi and ω1 = 0.1, 0.5, 7, for (a,b),(c,d) and (e,f), respectively.
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Fig.s(1c-1f), where the number of peaks increases as ω1 increases and the maximum
bounds appear at larger values of θ1. On the other hand, the larger values of ω1 has no
effect on the upper bounds of Fθ1. Moreover, as the strength of the rotating magnetic
field strength (ω1) increases, the quantum Fisher information increases suddenly to reach
its maximum values. The contour description( Figs.1(b,d,f)) shows that, the size of bright
regions in which one may estimate the weight parameter, decreases as the initial weight
parameter θ1 increases. As the rotating field strength (ω1) increases, the bright regions
are shifted as θ1 increases. The number of peaks increases at the expense of the bright
size regions.
From Fig.(1), one may conclude that, at small values of the rotating field strength,
( ω1) Fisher information has periodic time behavior, while at larger values of ω1, the
phenomena of the sudden changes are displayed. The number of peaks and consequently
the numbers of estimation regions increase as the rotating field strength increases.
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Figure 2: For the non-resonance case where ∆ = −0.08, 0.08 namely we set ω0 = 0.01, ω =
0.09 in (a,b) and ω0 = 0.09, ω = 0.01 in (c,d), where ω = 0.1.g = 0.5, φ = pi.
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The behavior of Fisher information, (Fθ1) in the non-resonance case is shown in Fig.(2),
where we fix the strength of the rotating field and the coupling constant. Two different
cases are considered; in the first case, it is assumed that, the longitudinal component of
the field (ω0) is smaller than the transverse component (ω), while for the second case
we assume that, (ω0 > ω). Our results display that, for the first case (ω0 < ω) the
upper bounds of the Fisher information are smaller than those depicted for the second
case (ω0 > ω). The minimum values of the Fisher information Fθ1 are observed in the
interval θ1 ∈ [pi/2, 3pi/4], where the longitudinal component is larger than the transverse
component of the field, while it is maximum for the second case, namely (ω0 > ω). The
interaction time plays an important role in both cases, where Fθ1 increases as soon as the
interaction is switched on, while it takes longer time to increase for the second case. i.e.,
(ω > ω0).
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Figure 3: The effect of different phases of the initial state of the central qubit on the
Fisher information in the resonance case where ω0 = ω1 = 0.1 and ω = 0.1, g = 0.5 and
φ = pi/4, pi/2
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Figure 4: The same as Fig1.(a,b) but for different values of the coupling constant, where
we set g = 0.3, 0.7 for (a,b) and (c,d), respectively
Fig.(3) displays the behavior of the Fisher information Fθ1 for different phases, where
two values of φ1 are considered and have used the same values of the parameters as in
Fig.1(a,b). It is shown that, the upper bounds of Fθ1 increase as the phase angle increases.
Moreover, these upper bounds of the Fisher information are reached at small values of
the interaction time with a large phase angle. The size of estimation areas of the weight
parameter increases at the expense of the precision degree of estimation.
From Fig.(3), one may conclude that, the possibility of estimating the weight parame-
ter (θ1) increases if the initial central qubit encodes only classical information, while this
possibility decreases if it encodes quantum information.
Fig.(4) displays the effect of different values of the coupling constant,(g) on the be-
havior of the Fisher information Fθ1 , and consequently on the estimation degree of the
weight parameter, θ1. It is clear that, at small values of the coupling constant (g), the
maximum values of Fθ1 are larger than those displayed at larger values of g. The interac-
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tion time plays an important role on the Fisher information’s behavior, where, at small
values of the coupling constant, Fθ1 ≃ 0 for t ∈ [0, 2], then it increases for further values
of interaction time t. For larger values of the coupling constant, the maximum peaks of
the Fisher information are shifted, and consequently the estimation areas are shifted at
θ1 = 0 and pi. The size of the estimation areas increase at smaller values of g, while the
number of maximum peaks increases at larger values of the coupling constant.
From Fig.(4), it is clear that, the estimation degree of the weight parameter may be
maximized at smaller values of the coupling constant and the initial weight parameter, θ1
of the central qubit is chosen in the interval θ1 ∈ [pi/4, /3pi/4] i.e, the central qubit codes
quantum information. The other strategy, the estimation degree may be maximized at
larger values of the coupling constant and the initial weight θ1 ∈
{
[0, pi/4] or [3pi/4, pi]
}
.
Fig.(5), displays the effect of different initial state settings of the spin-qubit on the
quantum Fisher information with respect to the weight parameter (θ1) of the central
qubit, where different values of the weight parameter (θ2) are considered, while the phase
parameter is fixed, namely, φ2 = pi . The general behavior shows that, the upper bounds
of Fθ1 decreases as θ2 decreases. Also, as soon as the interaction is switched on, the
Fisher information increases gradually to reach its maximum value. For further time
Fθ1 decreases to reach its minimum values. This behavior is repeated as the interaction
time increases to appear another peak. The areas in which one can estimate the weight
parameter with high precision increase as θ2 decreases.
From Fig.5, it is clear that if the spin-qubit encodes classical information i.e.,(|ψb〉 =
−i|1〉), the possibility of estimating the weight parameter is larger than that depicted if it
encodes quantum information, where we set |ψq〉 =
1√
2
(|0〉 − i|1〉), |ψq〉 =
√
3
2
|0〉 − i
2
|1〉 in
Figs.(5c,cd) and Figs.(5e,5f), respectively. Moreover, if the spin-qubit encodes quantum
information, the upper bounds depend on the weight of the superposition of |0〉 and |1〉.
4 Estimation the phase parameter
Fig.(6) shows the behavior of the Fisher information (Fφ1) in the resonance case with
respect to the phase parameter φ1. Two different initial state settings are considered,
where we set the weight parameter θ1 = pi/2, pi/4, namely, the initial state of the central
qubit is prepared in the state, |ψq〉 = e
−iφ1|1〉 and |ψq〉 = 1√2(|0〉+ e
−iφ1|1〉), respectively.
The results show that, the behavior of the Fisher information is similar for the two different
initial states, but only the upper bounds at θ1 = pi/2 are larger than those displayed at
θ1 = pi/4. In the non-resonance case, the behavior depends on which component is larger.
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Figure 5: Fisher information Fθ1 against for different initial state settings of the spin
qubit where (a,b) θ2 = pi/2, (c,d) θ2 = pi/3 and (e,f) θ2 = pi/4,(g,h) θ2 = pi/6, while
φ2 = pi, g = 0.1 and ω1 = 0.5.
However, if the longitudinal component, ω0 is larger than the transverse component ω,
then the upper bounds are smaller than those displayed for ω > ω0. Moreover, the upper
and lower bounds of Fφ1 appear at different values of interaction time. These results
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Figure 6: Fisher information Fφ1 against the interaction time for resonant case and ω1 =
g = 0.5 where (a) at θ1 = pi/2 and (b) θ1 = pi/4.
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Figure 7: Fisher information Fφ1 against the interaction time for the non-resonant case
with ω1 = g = 0.5 where (a) ω0 = 0.09 and ω1 = 0.01 and (b) ω0 = 0.01 and ω1 = 0.09.
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Figure 8: Fisher information Fφ1 against the interaction time at ∆ = 0 and ω1 = g = 0.5
where (a) g = 0.3, (b) g = 0.7.
are displayed in Fig.(7) where it is assumed that, the initial state of the central qubit is
prepared by setting θ1 = pi/2.
The effect of the coupling constant g is displayed in Fig.(8), where we consider the
non-resonance case and a fixed value of the rotating field component. It is clear that, at
smaller values of the coupling constant the upper bounds of the Fisher information are
smaller than those displayed at large coupling constant. On the other hand, the estimated
areas are larger for smaller values of the coupling constant. The estimating area for larger
values of the coupling constant appears at smaller values of the interaction time, while it
takes longer time to appear at small values of the coupling constant, g.
From Figs.(6-8), one may conclude that, for the resonance case the precision of es-
timating the phase parameter depends on the initial state settings, where if the central
qubit is prepared in a state encodes classical information, the possibility of the estimation
degree of the phase parameter is larger than that depicted if the central qubit encodes
quantum information. For the non-resonance case, the estimation degree depends on
which component (longitudinal/ transverse) of the field is larger. Larger values of the
coupling constant increase the size of the estimation area, in which one may estimate the
phase parameter with high degree of estimation.
Figs.(9), display the behavior of Fφ1 for different initial states of the spin-qubit. It
is clear that, for larger values of θ2 the upper bounds are larger than those displayed at
smaller values of θ2. It is clear that, Fφ1 increases as θ1 increases to reach its maximum
values at θ2 =
pi
4
. On the other hand, the minimum values of Fφ1 are depicted at θ1 =
pi
2
.
Moreover, the number of peaks and the estimated areas increases as the weight parameter
of the spin-qubit increaser.
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Figure 9: Fisher information Fφ1 against the interaction time at ∆ = 0 and ω1 = 0.1, g =
0.5, θ1 =
pi
2
, φ2 = pi, where (a,b) θ2 =
pi
2
(c,d) θ2 =
pi
4
(e,f) θ2 =
pi
6
.
From Figs.(5) and (9), it is clear that the initial state settings of the spin-qubit has a
clear effect on the precision degree of estimating the weight and the phase parameters of
the central qubit.
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Figure 10: Fisher information Fθ1 against the interaction time at ∆ = 0 and ω1 = 0.5, g =
0.1 where (a) N = 5, (b) N = 7.
5 Spin Bath problem
In this context, it is important to mention that in the previous sections, we consider one
central qubit interacting with a minimum dimension of the bath, namely we consider a
single spin-qubit, which is polarized in z− direction. In this case, the state of the spin
particle is defined by ρs =
1
2
(1 ± τz). If we have a bath of large number of particles
polarized in z-direction, then their initial state is defined by ρs(N) =
1
2N
(I2×2 ± τz)⊗N ,
which is more complicated to solve. Therefore, to simplify the calculations, we assume
that the N spin particles are unpolarized. Under this condition, the states of the N -
bath unpolarized particles reduces to be ρs(N) =
1
2N
I2×2. However, a similar calculation
may be done, where the detuning parameter is affected to be −1
2
gN ≤ ∆ ≤ 1
2
gN and
consequently ∆± = ∆±
gN
2
, where it is assumed that g1 = g2 = ..... = gN = g.
In Fig.(10), we consider the central qubit interacts with larger number of unpolarized
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spin-bath particles. The general behavior shows that, the upper bounds decrease as the
numbers of spin-bath particle increase, where we consider that N = 5, 7 particles in
Figs.(10a,10b) and (10c,10d,) respectively. As the initial weight parameter increases, Fθ1
increases to reach its maximum value at θ1 = pi/2, then decays gradually to reach its
minimum value at θ1 = pi. Moreover, the upper bounds are shifted as the interaction
time increases to appear at a different value of the initial weight. These results are clearly
described on Figs.(10a-10d).
6 Conclusion
In this contribution, Fisher information is used as an estimator of the weight and the
phase parameters of a central qubit interacts with a single- qubit in the presence of a
magnetic field. The effect of the magnetic field parameters on the degree of estimating
the weight and phase parameters is investigated. For resonance case, the possibility of
estimating the weight parameter may be achieved with high degree of precision at large
values of the rotating field strength. Also, the size of the areas, in which one may estimate
the weight parameter, decreases at the expense of their numbers, where the numbers of
these areas increase as the rotating field strength increases. For non-resonance case, the
upper bounds depend on the strength of the field longitudinal/transverse parameters. It
is clear that, the upper bounds are larger if the transverse strength is stronger than the
longitudinal strength. The possibility of estimating the weight parameter increases if it
encodes only classical information. The coupling constant plays an important role in
controlling the estimation precision, where estimation degree is large at smaller values of
the coupling constant. On the other hand, a larger interaction time is required in order
to estimate the weight parameter. Further, a shorter time of interaction is required if the
coupling constant is larger.
The behavior of Fisher information with respect to the phase parameter is discussed
for different values of the initial state setting of the central qubit. It is shown that, for the
resonance case, the possibility of estimating the phase parameter increases if the initial
state of the central qubit encodes quantum information. For the non-resonance case, the
estimation degree of the phase parameter depends on the components of the magnetic
field. For large values of the coupling constant, the upper bounds of estimation degree of
the phase parameter, increases at the expense of the size of the estimation areas.
The effect of different initial state settings of the spin- qubit on the estimation degree
of the weight and the phase parameters is discussed. It is shown that, Fisher information
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corresponding to these two parameters decreases as the weight parameter of the spin-qubit
decreases.
The Fisher information with respect to the weight parameter of the central qubit
interacts with unpolarized large number of spin- bath particles is discussed. We show
that, the upper pounds of the Fisher information decreases as the bath-spin numbers
increase.As the interaction time increases, the upper bounds appear at larger values of
initial weight of the central qubit.
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